Nucleation of p-branes with form fields and dielectric brane by Wang, Pei & Jiang, Hua
ar
X
iv
:h
ep
-th
/0
31
21
78
v1
  1
6 
D
ec
 2
00
3
Nucleation of p-branes with form fields and dielectric
brane
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Abstract
In this paper we discuss how to generalize the concept of nucleation to the p-
branes with form fields. And we try to get ready for calculating the decay width of
the dielectric brane.
PACS: 04.50.+h, 11.10.Kk, 11.25.-w
1 Introduction
P -branes, including of M-branes, D branes and NS-NS branes, in string/M theory are very
important objects which appear in almost every recent paper in this area. The earlier
references are reviewed in [1, 2, 3, 4]. Several authors have given the static solutions of
branes, see e.g. [2, 5, 6, 7, 8]. Moreover, basing on the higher dimensional rotating black
holes [9], Cveticˇ and Youm have also developed the rotating M-branes [10, 11].
In another respect, a new kind of branes, called flux branes, which are generalized from
4-dimensional Melvin universe [12] are researched in many papers [13,14,15,16,17,18,19,
20]. Among other things the authors of ref. [21] and [22] apply the flux-brane technique
to the M-theory and find the supergravity solutions describing certain dielectric branes
in 10 dimensions [23]. In ref. [24] and [21] the authors compare the supergravity solution
with Myers’ dielectric brane, the worldvolume theory, and find them in agreement with
each other. Recently a paper appeared, in which the decay of dielectric brane is discussed
by using the open string technique [25]. To look for its supergravity counterpart, we
have to study the nucleation of dielectric branes. This means that before we consider the
dielectric brane we should find the nucleation of p-branes first. That is the goal of this
paper. Dowker et al. already studied these questions in a remarkable paper [16]. But they
restrict themselves only in black hole solutions (solution of Einstein equation) without any
form fields. When the form field is turned on, the case becomes quite different. We have
to solve the new higher dimensional Einstein-Maxwell equations.
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Therefore, in this paper, we first study what is the nucleation of a p-brane with form
field, Emphasis is put on the explanation of dimension of field strength. Next, we analyze
the relationship between the M5 brane and the dielectric one in nucleation case. To
calculate the decay width of dielectric brane we have to find the nucleation of rotating
M5 brane. Because it is still an open question till now, we leave it as a future job. For
further investigation, we write down a note about rotating black holes, and discuss how
to generalize the nucleation to the flux branes.
2 Form fields in nucleation
Let us start from the static solutions of p-branes. Consider the Lagrangian that there is
a single field strength and a single or no dilaton (a = 0) field [7, 8].
e−1L = R− 1
2
(∂φ)2 − 1
2n!
eaφF 2, a2 = ∆− 2dd˜
D − 2 (1)
(see ref. [7] for symbols) and the metric can be written in the following
ds2D = e
2A(−dt2 + dxidxi + e2fdτ 2) + e2B(e−2fdr2 + r2dΩ2n) (2)
in which, i = 1, · · ·, d− 2, n = d˜+1, A, B and f are functions of r, d = p+1 = D− d˜− 2
represents the dimensions of the brane part. In fact, the metric we use is the same as
in ref. [7], except that the time is continued to an Euclidean coordinate τ , and one of
the space coordinates is continued to the time t. When we consider the reduction from
11-dimension to the 10-dimension, τ will be chosen as the compactification coordinate.
the solution is [7]
e2f = 1− k
rd˜
, e2A = H
−
4d˜
∆(D−2) , e2B = H
4d
∆(D−2) , H = 1 +
k
rd˜
sinh2 µ (3)
and
FM =
2d˜k√
∆
sinh δm cosh δmǫd˜+1 (4)
for magnetic charged p-brane,
FE =
2d˜k√
∆
sinh δe cosh δeǫd˜+1 (5)
for electric charged p-brane.
To nucleate the p-brane, we suppose that
ds2D = e
2A(dxidxi + e
2fdτ 2) + e2B[e−2fdr2 + r2(dα2 + cos2 αdΩ2n)] (6)
in which, i = 1, · · ·, d − 1, n = d˜ and it has a solution in same form like e.qs. (3), (4)
and (5), but now d and d˜ is decreased and increased by one respectively. Two points
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are remarkable: 1) The nucleation solution is an Euclidean brane, its Lagrangian evo-
lution is obtained by setting α = it in the transverse space [26]. 2) We have one order
higher magnetic field strength or one order lower electric field strength. This needs to be
interpreted.
For 10 dimensional theory above mentioned, nucleation solution of p-brane is equiva-
lent to a double analytic continuation of p− 1 brane. However in M-theory it is question-
able even for continuation, since we do not have M1 and M4 branes. Therefore how to
understand these field strengthes, especially F5 (for M5) and F3 (for M2) appear in the
theory is the key to the question.
Let us explain it by using an example of D6 brane carrying a magnetic monopole which
is reduced from 11-dimensional Taub NUT solution (For short, we consider the extreme
case i.e. f = 0. And the following is in Einstein frame).
ds2E = H
−1/8(−dt2 + dxidxi) +H7/8(dr2 + r2dΩ22), H = 1 +
Qm
r
(7)
in Wu-Yang gauge
F2 = dA = ∗dH,A = Qm(±1− cos θ)dϕ (8)
in which the Hoge star is defined with respect to the flat transverse space. The corre-
sponding nucleation solution is
ds2E = H−1/4(dxidxi) +H3/4[dr2 + r2(dα2 + cos2 αdΩ22)],H = 1 +
Qm
r2
(9)
and
F3 = ∗dH = Qm cos2 α sin θdαdθdϕ (10)
setting h(α) =
∫
cos2 αdα, and choosing the integration constant so that h(0) = 1, then
we can see
F2(α) = h(α)F2 (11)
as the evolution monopole field. Hence
F3 = ∂αF(α)dα (12)
represents the evolution rate of monopole field by the analytic continuation α = it. As
for the ”electric” brane (e.g. Do), the form field will be the dual of evolution rate of dual
magnetic field.
3 Dielectric effect
Now let us study M5 brane in more detail. Because that there is no dilaton in M-theory
∆ =
2dd˜
D − 2 , e
2A = H−2/d, e2B = H−2/d˜ (13)
3
so the metric is
ds211 = H
−1/3(−dt2 + dxidxi + fdτ 2) +H2/3[dr
2
f
+ r2(dθ2 + sin2 θdϕ˜2 + cos2 θdΩ22)] (14)
in which
f = 1− 2m
r3
, H = 1 +
2m
r3
sinh2 δ (15)
and
F4 = 3(2m) sinh δ cosh δ cos
2 θ sin θdθdϕ˜ǫ(S2) (16)
The corresponding nucleation of M5 brane is
ds211 = H−2/5(dxidxi + fdτ 2) +H1/2{
dr2
f
+ r2[dα2 + cos2 α(dθ2 + sin2 θdϕ˜2 + cos2 θdΩ22)]}
(17)
where
f = 1− 2m
r4
,H = 1 + 2m
r4
sinh2 δ (18)
and
F5 = dA4,A4 = 12√
10
2m sinh δ cosh δ cos4 α cos3 θdαdϕ˜ǫ(S2) (19)
can be also interpreted as the evolution rate of the evolution version of F4. For the
nucleation slice α = 0, the metric has the same topology as the original M5 brane. The
subsequent Lagrangian evolution is obtained by setting α = it.
As mentioned in introduction, Cveticˇ and Youm generalized the Kerr-like black hole
to the rotating M5 brane [10, 11]. It seems that one might find a nucleation version of
this stabilized solution. However, it is a pity that we have not get the correct rotating
solution for nucleation M5 brane till now. Therefore we would like to mimic ref. [21] to
analyze the so-called dielectric effect of nucleation M5 brane in ”maximal magnetic field”
case [16].
First of all we give the compactification radius by using of missing conical singularity
condition
R11 = g
√
α´=
rH
2
(cosh δ)9/10, r4H = 2m (20)
Then we perform the reduction along the Killing vector field
q =
∂
∂τ
+B
∂
∂ϕ˜
(21)
setting ϕ = ϕ˜+Bτ , the IIA metric can be written as
ds210 = Λ
1/2H−2/5ds2(E4) + Λ1/2H1/2{dr
2
f
+ r2[dα2 + cos2 α(dθ2 + cos2 θdΩ22)]}(22)
+Λ−1/2H1/10fr2 cos2 α sin2 θdϕ2
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in which
Λ = H−2/5(f+H9/10B2r2 cos2 α sin2 θ) = e4φ/3 (23)
To avoid the conical singularity, set the magnetic field parameter
B = 1/R11 (24)
And we have the following form fields
Aϕ = 1
Λ
H1/2 cos2 α sin2 θBdϕ, (25)
A3 = 12B√
10
2m sinh δ cosh δ cos4 α cos3 θdαǫ(S2),
A4 = 12√
10
2m sinh δ cosh δ cos4 α cos3 θdαdϕǫ(S2)
for r ≫ rH (and sinh2 δ is not too big) the string metric is reduced to
ds210 = Λ
1/2{ds2(E4) + dr2 + r2[dα2 + cos2 α(dθ2 + cos2 θdΩ22)]} (26)
+Λ−1/2r2 cos2 α sin2 θdϕ2
using the coordinate transformation
ρ = r cosα sin θ, (27)
υ cosχ = r cosα cos θ,
υ sinχ = r sinα
the metric becomes
ds210 = Λ
1/2[ds2(E4) + ds2(M4) + dρ2] + Λ−1/2ρ2dϕ2 (28)
in which we made a replacement of dυ2+υ2(dχ2+cos2 χdΩ22)→ ds2(M4) when one of the
coordinate is analytic continued to the time. The dual of the 2 form RR field strength is
F8 = 2Bǫ(E4) ∧ ǫ(M4) (29)
represents a flux 7 brane F7.
The case we have studied corresponds to a dielectric brane immersed in a F7 brane, in
which D4 branes dissolve in a D6 brane. So this is the nucleation of the dielectric brane.
Of course, we may also consider the near core approximation: r2 = r2H + r˜
2, r˜, θ ≈ 0. we
have
f ≃ 2 r˜
2
r2H
= 4λ2,H ≃ cosh2 δ,Λ ≃ 4(cosh δ)−4/5(λ2 + cos2 αθ2) (30)
and
ds210 ≃
√
λ2 + cos2 αθ2(cosh δ)−6/5[ds2(E4) + (cosh δ)9/5r2H [dλ
2 (31)
+dα2 + cos2 α(dθ2 + dΩ22 +
λ2θ2
λ2 + cos2 αθ2
dϕ2)]
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setting
λ2 + θ2 cos2 α = (cosh δ)3/10
ρ
rH
, λθ cosα =
1
2
(cosh δ)3/10
ρ
rH
sin η (32)
and
µ =
rH
4
(cosh δ)21/10 (33)
in α ≈ 0 neighborhood we obtain
ds210 =
√
ρ
µ
ds2(E4) + (cosh δ)9/5
√
ρ
µ
r2H(dα
2 + cos2 αdΩ22) +
√
µ
ρ
ds2(E3) (34)
where we use dρ2 + ρ2(dη + sin2 ηdϕ2)→ ds2(E3) and the form fields become
Aϕ = (cosh δ)−6/5µ(1− cos η)dϕ, (35)
A3 = 9√
10
r3H sinh 2δ cos
2α[(cosh δ)−3/5ρ(1 − cos η)− 4
3
(cosh δ)−9/10 cos2 α]dαǫ(S2),
A4 = 9√
10
r4H sinh 2δ cos
2α[
1
2
(cosh δ)3/10ρ(1 − cos η)− 2
3
cos2 α]dαdϕǫ(S2)
4 About the nucleation of rotating black holes
One question for preparing the nucleation of rotating M5 brane we would like to state is
that instead of analytically continuing in one of the ignorable angles in e.q.(5.2) of ref. [16]
we suggest to use formula
ds2 = f(dτ − 2ml
rpρ2f
cos2 α sin2 θdϕ)2 +
dr2
f˜
− l2(cosα cos θdθ − sinα sin θdα)2 (36)
+r2[dα2 + cos2 α(dθ2 + cos2 θdΩ2p)] +
1
f
(r2 − l2 − 2m
rp
) cos2 α sin2 θdϕ2
where
f = 1− 2m
rpρ2
, f˜ = f − l
2 cos2 α sin2 θ
ρ2
, ρ2 = r2 − l2 + l2 cos2 α sin2 θ (37)
Although these two formula are equivalent with each other in mathematics, They are not
equivalent in physical meaning. Because that in e.q.(36) the evolution space is whole fixed
points of killing vector, But it is only a subspace of them in the former case.
5 Nucleation of flux brane
Our proposition about nucleation of p-brane is also applicable to flux branes. It is known
that Fp in type II strings, F3 and F6 in M-theory have been calculated in refs [19,20,21].
We can use double analytic continuation to find the nucleation of Fp brane from Fp−1
brane for type II flux branes just like above mentioned general type II p-branes. For flux
6
branes in M-theory like the M5 brane we may get nucleation F6 brane solution as follows
by using same symbols and same method in ref. [21]. Now D = 11, d = 6, d˜ = 4,
f ” = −20
9
E2ef + 24E2eg, g” = E2ef + 18E2eg (38)
setting eg = ηef , so that η = 29
54
,and
ef =
3
(4Er)2
, e2A = η1/6ef/24, e2C = ηe5f/4, e2B = ef/4 (39)
Then the metric for nucleation of F6 brane in terms of the proper radial distance coordi-
nate u is
ds2 = (
E2u2
3
)1/6ds2(E6) + du2 +
18
29
u2(dα2 + cos2 αdΩ23) (40)
with
F6 = Eǫ(E6) (41)
which can be identified as the dual of the evolution rate of evolution version of
F˜ = 1
E2
(
2
7E2r2
)4/3drǫ(S3) = (
4374
35
)1/2
u4
E2
duǫ(S3) (42)
Similarity, the nucleation of flux brane F3 can also be written.
6 Prospect
We expect to gain the nucleation solution for rotating M5 brane. Then we can find
the values of the radius of the relevant sphere and calculate the Euclidean action of the
rotating system. Finally we can obtain the decay width of the dielectric brane.
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